In the several fields of industries the product comes from more than one production line, which is required to work the comparative life tests. This problem requires sampling of the different production lines, then the joint censoring scheme is appeared. In this article we consider the life time Pareto distribution with jointly type-II censoring scheme. The maximum likelihood estimators (MLE) and the corresponding approximate confidence intervals as well as the bootstrap confidence intervals of the model parameters are obtained. Also Bayesian point and credible intervals of the model parameters are presented. The life time data set is analyzed for illustrative purposes. Monte Carlo results from simulation studies are presented to assess the performance of our proposed method.
Introduction
To be more accurate, we suppose manufactured products are taken from two separate lines with the same conditions and choose two samples of sizes m and n from these two lines, to test in a life testing experiment. Under the considerations of cost and time, the experimenter stopped the experiment after a prior fixed number of failures. The unit type and it is failure time is recorded until a prior fixed number of failures is obtained. Different authors have dealt with this type of censoring and its statistics earlier such as, Rao et al. [1] , Basu [2] , Johnson and Mehrotra [3] , Mehrotra and Johnson [4] , Bhattacharyya and Mehro-*Corresponding Author: Hanaa H. Abu-Zinadah: Department of Statistics, Faculty of Science-AL Faisaliah, King Abdulaziz University, P.O. Box 32691, Jeddah 21438, Saudi Arabia, E-mail: habuzinadah@kau.edu.sa tra [5] , Mehrotra and Bhattacharyya [6] . Balakrishnan and Rasouli [7] , Rasouli and Balakrishnan [8] , and recently Shafay et al. [9] . Recently, Kundu [10] prsented new type-II progressive censoring scheme for two samples.
Suppose that product from two lines Ω 1 and Ω 2 , from a product Ω 1 , m (i.i.d) lifetimes random variables T 1 , T 2 , ..., Tm belong to population with CDF F 1 (t) and PDF f 1 (t) distribution and density functions, respectively. Also, n (i. 
Pareto distribution is used to describe the distribution of wealth among individuals because it seemed to show rather well the method that a larger portion of the wealth of any society is owned by a smaller percentage of the people in that society. Also, the Pareto distribution is used to describe a distribution of income. In reliability studies Pareto distribution is used in life tests to analyse life time data in reliability studies. Ref. [11] considered constant-stress partially accelerated life testing under Pareto distribution with type-I censoring. More recently, researchers have discussed different application of the Pareto distribution for many types of data sets. For example, for new characterizations of the Pareto distribution see Nofal and El Gebaly [12] and for the odd Pareto families of distributions for modeling loss payment data see Mdziniso and Cooray [13] . The Pareto distribution is a power probability distribution, which is used in the description of geophysical, scientific, social, actuarial, and many other types of observable phenomena. Pareto distribution applied in different cases of life testing. The two-parameter Pareto distribution has the density function (PDF) and distribution function (CDF) respectively, given by
And reliability function (RF), and hazard rate function (HF) are given, respectively, by
The Pareto distribution is used in different branches such as in analysing business failure data and economic studies. Many authors have studied the Pareto distribution such as Balkema and Haan [14] , Arnold [15] , Vidondo et al. [16] , Childs et al. [17] , Al-Awadhi and Ghitany [18] , Howlader and Hossain [19] . Abd-Elfattah et al. [20] discussed Bayesian inferences with Pareto distribution. Hassan and Al-Ghamdi [21] used the Pareto distribution to determine the optimal test times of changing stress level under a simple stress scheme with cumulative exposure model. In this paper we discuss a joint type-II censoring scheme and its properties for obtaining the estimators of the Pareto distribution parameters, although the results can be extended for other lifetime distributions and other censoring schemes. We obtain the MLEs of the unknown parameters. It is also observed that MLEs with normal approximation the approximate confidence interval is obtained. For comparison purposes we proposed to use bootstrap confidence intervals. Bayesian point and interval estimators are presented with the help of MCMC method and results are compared with MLEs and bootstrap confidence intervals.
In this article, The maximum likelihood estimators for the unknown parameters are derived, and the corresponding approximate confidences intervals are presented in Section 2. The two bootstrap confidence intervals are discussed in Section 3. Under SE and MCMC method of Bayesian estimation based on jointly type-II censoring Pareto distribution samples are developed in Section 4. A numerical example for illustration to the results obtained in this paper is presented in Section 5. An assessment and a comparison of the results by Monte Carlo studies are presented in Section 6. Finally comment about the result of simulation studies is shown in Section 7. (2) . Also let q = (α 1 , α 2 ), η = (θ 1 , θ 2 ), s = (m, n), l = (mr , nr) and ω = (δ i , 1 − δ i ). Then the likelihood function with the jointly samples and distributions is presented by equations (2) and (3), is given by
Maximum likelihood estimation
So the natural logarithm of the likelihood function is presented by
MLE's
The likelihood equations are obtained from the first partial derivatives of (7) with each q i and η i , i = 1, 2 as
and
where
From the likelihoods equations, we obtained the two nonlinear equations (9) solved numerically with respect to θ 1 and θ 2 with any numerical methods such as quasi-Newton Raphson or fixed point, to obtain the MLE,θ 1 andθ 2 , and henceα 1 andα 2 by using (8).
Observed Fisher information
Under obtaining the second partial derivatives of the loglikelihood function in (7), we have
The Fisher information matrix 
where ℓ (.|z) = ℓ (α1, θ 1 , α 2 , θ 2 |z) . From the bivariately normal distributed with mean (α1, θ 1 , α 2 , θ 2) and covariance matrix I −1 0 (α 1 ,θ 1 ,α 2 ,θ 2 ), the approximate confidence intervals of parametrs α 1 , θ 1 , α 2 and θ 2 can be obtained. Thus, the 100(1-2 )% approximate confidence intervals for α 1 , θ 1 , α 2 and θ 2 arê 
Bootstrap confidence intervals
The bootstrap is a commonly used method not only to estimate confidence intervals, but is also used in estimation bias, variance of an estimator and calibration of hypothesis tests. Parametric and nonparametric bootstrap methods are exposed in [22] and [23] . The parametric bootstrap methods are used to present two confidence intervals, percentile and t bootstrap confidence intervals (see [24] and [25] ) with respect to the following algorithm: 
Percentile bootstrap confidence interval:
The CDF ofψ
Then the approximate bootstrap 100(1 − 2 )% confidence interval ofφ
Bootstrap-t confidence interval: define the order statistics ζ
, where
The approximate 100(1 − 2 )% confidence interval ofψ k is given by
Bayes estimation of the model parameters
Consider that each of the parameters α 1 , θ 1 , α 2 , and θ 2 are unknown, and have independent gamma priors with prior density as
where ψ= (α 1 , θ 1 , α 2 , θ 2 ). Then the joint prior density of vector ψ, can be written as
Using the joint prior density (24) and the likelihood function, the joint posterior density given the data h * (ψ|z),
given as
Hence, the Bayes estimation for a given function of ψ say g(ψ), under squared error loss function (SEL) iŝ
In several cases, the ratio of the two integrals (26) can not be obtained in a closed form. Different approximate methods can be used, the important one which used in this paper is the MCMC method. In this method, the parameters samples generated from posterior distributions are used to computing the Bayes estimate of any function g(ψ) of parameters.
MCMC Approach Different classes of MCMC metod, an important one is Gibbs technique and another more general technique is
Metropolis within-Gibbs. The empirical posterior distribution obtained from MCMC can be used to obtain different interval estimate of the parameters or which often do not exist in maximum likelihood technique. Also, the MCMC method can be used to obtain the empirical posterior of any function of the parameters (see Soliman et al. [26] and Abd-Elmougod et al [27] ).
The joint posterior density function of the vector ψ can be written as
−α 2 (n − nr) log(θ 2 + zr)
Then the conditional posterior PDF's of α 1 , θ 1 , α 2 , and θ 2 are as follows
The plots of (29) and (31) show that the generation from these distributions under similarity with the normal distribution, we use the MH method Metropolis et al. [28] with normal proposal distribution as the following algorithm. 
(33) where MMC is the number of iterations, we need to get to stationary distribution. The posterior variance of ψ k given by
(34) The credible intervals of ψ k , afeter order ψ
. ,ψ k(NMC−MMC)
. Then the 100(1 − 2 )% symmetric credible interval is
Illustrative example
In this section, we adopted a simulated data set from the two Pareto distributions to illustrate the application of our proposed method, the joint type-II censoring data generated from two pareto distributions with the parameters vectors ψ =(α 1 , θ 1 , θ 2 , β 2 ) = (0.8, 2.0, 0.5, 1.5) and m = n = 20 and r = 30. The two data set T and Y, the corresponding joint type-II censored data Z and the corresponding indicator δ are presented in Table 1 . Based on the data presented in Table 1 , point and 95% interval estimation of ML, bootstrap and Bayes are presented in Table 2 and 3. In Bayesian MCMC method, the informative proior with hyper parameters {a 1 =1, a 2 =2, a 3 =1, a 4 = 3, b 1 = 1, b 2 = 1 , b 3 = 2, b 4 = 2} is used. Also, we run the chain for 11, 000 times and cut the first 1000 values as NMC'burn-in'. Fig. 1-8 show simulation number of parameters generated by MCMC method and the corresponding histogram.
Simulation studies
To assess the theoretical results obtained from estimation problem, we adopted simulation studies under different sample sizes for the two Pareto populations and different sample size r. The performance of the point estimations measured in terms of their average (AVG) and mean square error (MSE), where
, and MSE (ψ k )
where SN is the simulation number. Interval estimation, intervals obtained by using property distributions of the MLEs, the two different bootstrap confidence intervals or credibility intervals parented by MCMC method can be measured in average terms of interval widths (AW) and probability coverage (PC). We supposed values of the vec- In all cases, we used the squared error loss function to compute the Bayes estimates. For these cases, we computed the MLEs and the 95% CIs for parameters and two bootstrap (BP and BT) with M = 500 also Bayes etimates with the help of MCMC method with NMC=11000 and MMC=1000. We repeated this process SN=1000 times and computed the AVG values of estimates and corresponding MSE which presented in Table 4 , the coverage probabilities (CP) and the average widths (AW) of 95% CIs for all the methods presented in Table   7 Concluding remarks
The object of this study is to obtain the relative merits of two competing duration of different life products, so the comparative lifetime experiments are important. In this paper, we have discussed different estimation methods such as MLE, bootstrap and Bayesian estimation of 
